Abstract-This paper proposes a complex-vector based phase-locked loop (PLL) that can eliminate the frequencycoupling terms caused by the asymmetric dynamics of the conventional PLL. In the approach, a complex phase angle with both real and imaginary components is introduced, which enables to control the direct-and quadrature-axis components symmetrically. As a result, the original multiple-input multipleoutput (MIMO) system can be simplified to single-input-singleoutput (SISO) complex transfer functions, which greatly facilitates the system stability analysis. Moreover, the dangerous subsynchronous oscillation hazard caused by the frequency coupling of the conventional PLL can be avoided, and SISO impedance shaping technique can be utilized to enhance the grid synchronization stability under the weak grid condition. The complex-vector PLL is verified by both the theoretical analysis and experimental tests.
I. INTRODUCTION
Over the past decade, renewable energy based distributed power generations have been continuously integrated into power grids. More and more power electronics components are being used as the interface in the renewable power plants and distribution networks. Despite great advantages of power electronics in terms of high controllability and improved efficiency, they may also bring in various of resonance and stability issues due to the interactions between the wideband control loops, the passive power filters, as well as the grid impedance [1] .
It has been reported that the Phase-Locked Loop (PLL) used for grid synchronization may bring a significant impact on the stability of the grid-connected converter, especially under the weak grid condition when the local voltage measured by the PLL is more influenced by the converter itself than by the grid voltage at the remote terminal [2] - [4] . To effectively address these challenges, the impedance-based approach has recently been developed in [5] , which not only provides an intuitive insight of the interactions among the power converters but also enables to reshape output impedance for stabilizing the power system. With this method, a grid-connected converter, including the whole control system and the passive filter, is represented by a Thevenin/Norton equivalent circuit, where the output impedance/admittance allows analyzing the dynamic interaction between the converter and external grid/load impedance [6] .
Depending on the chosen frames, different linearization methods have to be utilized to establish an impedance model of the converter, resulting in the dq-domain impedance model [7] , [8] and the sequence-domain impedance model [9] . The mathematical relations between the two models are established in [10] , and it is revealed that all the models should have the same stability implications.
In order to characterize the dynamics of the phase-locked loop (PLL), the matrix-based impedance model has to be used to represent the frequency coupling effects induced by the inherent asymmetry of PLL [10] . As a result, the General Nyquist Criterion (GNC) should be utilized for assessing the stability of this multi-input-multi-output (MIMO) system. Many efforts have been made to approximate the MIMO system to single-input and single-output (SISO) system for simplification [11] . However, as emphasized in [12] , even though the couplings are small in magnitude, neglecting them results in a wrong estimation of system stability [7] , [13] . Moreover, the frequency coupling effect tends to introduce a sideband oscillation below the fundamental frequency, which can easily propagate in the power system and may trigger dangerous subsynchronous oscillations (SSO) together with the traditional power plant [10] . It has been reported that a low-frequency resonance in a wind farm resulted in the shaft torsional vibration protection and thereby the generator tripping in the thermal generation plant 200km away [14] . Therefore, elimination of such frequency coupling and associated low-frequency resonances are deemed critical to the safe operation of the modern power system. This paper aims to remove the frequency coupling caused by the conventional PLL by tracking the complex phase angle, i.e., phase angle with both the real part and imaginary part. The main novelty and advantages can be summarized as 1) The subsynchronous oscillation hazard caused by the conventional PLL is eliminated; 2) The multiple-inputmultiple-output (MIMO) system is simplified into singleinput-single-output (SISO) complex transfer functions, which greatly facilitates the stability analysis; 3) SISO impedance shaping can be implemented to enhance the grid synchronization stability under the weak grid condition.
The rest of the paper is organized as follows. Section II describes the concept of the complex-vector PLL and is compared with the conventional synchronous rotating frame (SRF) based PLL. Section III presents the small-signal model of the proposed complex-vector PLL. Based on which, the stability analysis is given in Section IV. Section V then shows the experimental results for verification and Section VI concludes the paper.
II. CONTROL SCHEME OF THE COMPLEX-VECTOR PLL Fig. 1 shows a simplified one-line diagram of a threephase grid-connected voltage-source converter (VSC). The dc-link voltage Vdc is assumed to be constant, and an LCtype grid impedance is considered in this paper. The current control is realized with PI controller in the dq-frame. A synchronization unit has to be used to synchronize the voltage at the point of common connection (PCC) to the grid. The synchronization unit in Fig. 1 can be realized by the conventional Synchronous Rotating Frame (SRF) PLL, and its control block diagram is depicted in Fig. 2 , where the /dq-transformation is used for the phase detection, and it can be expressed in either complex vector form or real vector, as
The q-axis voltage is regulated by a PI controller Gpll(s) for the phase tracking. Since only q-axis voltage is utilized in SRF-PLL, this control structure will result in asymmetric dynamics to the d-and q-axis. Thus, asymmetric transfer matrices with the cross-couplings terms between the d-and q-axis components are inevitable [7] , which will introduce the frequency coupling effects in the sequence-domain, i.e., the one single-frequency perturbation imposed on the gridconnected converter will generate responses at two frequencies [9] . To address this issue, the complex-vector PLL is proposed, as shown in Fig. 3 . Similar to the SRF-PLL, the input of complex-vector PLL is the voltages in the stationary frame, and its output is the phase angle that used for frame transformation of current control. However, this output phase angle is a complex vector rather than a real number, which includes both the d and q components, i.e., = d +j q. Moreover, both d-axis and q-axis voltages are utilized for phase tracking. Hence the control structure is symmetric which can remove the frequency couplings.
As seen in Fig. 1 , the abc/dq transformation can be divided into two procedures including abc/ and /dq transformation. Due to the usage of the complex phase angle , the /dq-transformation rule for the current feedback signals should be modified accordingly. In complex vector form, it can be expressed as:
In real vector form, it can also be expressed as:
The rule also applies to /dq-transformation of the PCC voltage in the complex vector PLL. Likewise, the dq/abc transformation in Fig. 1 can be divided into dq/ and /abc transformation. The dq/ -transformation rule using complex phase vector can be expressed in complex vector form and real vector form as 
It is worth noting that the output of the complex vector PLL at d axis d, is the same as the output of conventional PLL , since the q component q is only used for magnitude modulation.
III. SMALL-SIGNAL MODELING OF COMPLEX-VECTOR PLL
Following the small-signal modeling of the SRF-PLL [8] , two dq frames are defined to model the small-signal dynamics of the complex-vector PLL. One is the grid dq frame that is defined by the phase angle of fundamental positive-sequence grid voltage vg, denoted as 1. The other is the converter dq frame, which is based on the complex phase angle vector obtained from the complex-vector PLL, denoted as . Vectors in the converter dq frame are denoted with the superscript c in the following analysis. Given a perturbation on the grid voltage in the grid dq-frame, v, the grid voltage in the stationary frame can be expressed as
where V1 is the steady-state grid voltage aligned to the d-axis, i.e., the steady-state grid voltage vector, V1 = V1 + j0. The response of the detected complex phase angle vector, , to the voltage perturbation can be given as
Thus, the output voltage of the modified dq transformation is derived as given below 
Then, considering the PLL controller Gpll(s), the detected phase variation is given by
Substituting (6) into (5), yields
which clearly shows that the PLL dynamics in response to a small-signal variation of the grid voltage.
By substituting (11) back into (9), the relationship between the grid voltage variations in the converter dq frame and the grid dq frame can be obtained by: 
Similarly, the injected grid current in the stationary frame can be given by: 
Hence, the grid current in the converter dq frame can be derived as: 
where I1=Id1+jIq1 is the steady-state grid current in the converter dq frame, which is also equal to the steady-state grid current in the grid dq frame.
Substituting (11) to (14), the dynamic response of the grid current in the converter dq frame can be derived as: 
According to (12) , (15), and Fig. 1 , the block diagram of the current control loop using the complex-vector PLL is drawn in Fig. 4(a) , where Gi(s) is the current controller, Gd(s) represents the time delay of 1.5 times the switching period, which is introduced by the digital computation and PWM. Yp(s) is the admittance of the converter-side filter inductor, which is given by Yp(s) = 1/(s+j 1)L. The closed-loop response of the current control system can thus be given by ( ) ( ) 1 ( ) 1 
IV. STABILITY ANALYSIS
A. Admittance Characteristics According to Fig. 4(b) , the complex vector PLL shapes the original closed-loop admittance Ycl(s), and the shaping function HPLL1(s) can be written by:
where Tpll(s) is the open loop gain of the PLL, given by:
Therefore, HPLL1(s) can be treated as the high-pass filter and its corner frequency is equal to the crossover frequency of Tpll(s). Therefore, the magnitude of HPLL1(s)Ycl(s) can be neglected at 0 Hz in dq frame.
An additional admittance introduced by the PLL is given by:
Therefore, this admittance can be treated as the negative admittance -i1/V1 within the crossover frequency of Tpll(s), which could impose a significant adverse impact on the system stability.
Since the admittance introduced by HPLL2(s) has an adverse impact on the grid synchronization stability, impedance shaping can be used to enhance the system stability. The basic concept is to introduce a positive admittance to cancel negative admittance of HPLL2(s). Since the admittance characteristic of HPLL2(s) at 0 Hz is determined by power delivering demand, a high pass filter should be introduced and the desirable positive admittance that is generated by the impedance shaping that can be given by:
This can be realized by introducing an additional feedforward function Gff(s) from v c to c ref i , as shown in Fig. 5 . Assuming that Gcl(s) can be treated as unit gain at interested frequency range, the feedforward function can be derived as:
In this case, the grid synchronization stability can be improved without compromising the PLL control bandwidth. 
V. EXPERIMENTAL VERIFICATION
The experimental setup is built to verify the analytical results and the effectiveness of the proposed complex-vector PLL, as shown in Fig. 6 . The weak grid is realized by connecting the inductors with a regenerative grid simulator Chroma 61845, the grid-connected converter is implemented by the Danfoss FC103P11KT11, and the control algorithms are implemented in the dSPACE1007. The circuit parameters are provided in Table I , where the grid voltage is intentionally reduced for a very weak grid condition, i.e. low short-circuit ratio (SCR). In this work, both the current controller Gi(s) and the PLL controller Gpll(s) adopts the PI regulator. The used controller parameters are listed in Table II . The frequency responses of the converter admittance Yo(s) and grid admittance Yg(s) are shown in Fig. 7 . It is clear that the system is kept stable when the SCR=1.5, and meanwhile the control bandwidth of the PLL (25 Hz) is not compromised. In experiments, the SRF-PLL with the same controller parameters is tested first for a comparison with the complexvector PLL. Fig. 8(a) shows the measured waveforms of the grid-connected converter under the very weak grid condition with SCR=1.5. The remote grid voltage vgab is set to be pure sinusoidal, however, the oscillations can be observed in both the line-to-line PCC voltage vab and the three-phase grid currents ia~ic. Due to the frequency coupling effect of the SRF-PLL, two oscillation frequencies can be seen in the harmonic spectra of the grid current, which are approximately 20 Hz and 80 Hz, indicating sub-and supersynchronous oscillations.
In contrast, with the complex-vector PLL and the SISO impedance shaping control, the system is stabilized as shown in Fig. 8(b) , which verifies the effectiveness of the proposed method in the enhancement of the grid synchronization stability.
To further verify the performance of the complex-vector PLL on eliminating the frequency-coupling effect, a 10% positive-sequence inter-harmonic is intentionally injected at 80 Hz in the remote grid voltage vgab under the stiff grid condition with SCR = 11. The experimental waveforms are as shown in Fig. 9 . Using the conventional SRF-PLL, besides harmonic current that generated by the 80 Hz voltage perturbation, the sideband harmonic current can also be observed at 20Hz, which is induced by frequency-coupling effect of PLL. However, using the proposed complex vector PLL, the output currents only contain the single-frequency response at the same frequency, i.e. 80 Hz, which confirms the SISO characteristic of the complex-vector PLL.
VI. CONCLUSION
In this paper, a complex-vector PLL has been discussed to address the frequency coupling oscillations caused by the grid synchronization loop of grid-connected converters. The small signal modeling of the complex-vector PLL dynamics has shown that the SISO complex transfer functions can be used to represent the complex-vector PLL. The adverse effects of the PLL can thus be characterized with physical insights and the SISO impedance shaping method can be used to enhance the stability of grid-connected converters under the weak grid condition. Experimental results have confirmed the effectiveness of the proposed complex-vector PLL in terms of the decoupled frequency response and the stability enhancement. 
